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The purpose of this paper is to prove the following result. 
THEOREM A. Let G be a jkite group with the fohwing properties: 
(a) S,-subgroups of G are Abelian, 
(b) G has no subgroup of index 2, 
(c) G contains an involution t such that C(t) = (t) x F, where 
F N PSL(2, q) and q > 5. 
Then G is a simple group, q = 32n+l (n > 1) and for any element x # 1 
contained in C(t) and having an order prime to 6 we have C(x) C C(t). 
Finite groups of Ree [Z2] related to the simple Lie algebra of type G, 
satisfy the conditions of our Theorem A. 
1. SOME KNOWN RESULTS 
1. THEOREM OF BRAUER-WIELANDT [27]. Let T be a four-group of 
automorphisms of a group K of odd order. Let ti , i = 1, 2, 3, denote the three 
involutions of T, and Kt the $xed subgroup of ti . Then if K,, is the fixed sub- 
group of T, 
2. THEOREM OF BURNSIDE [9]. Let A and B be subsets of the center of a 
S,-subgroup P of aJinitegroup G. If A and B are conjugate in G, then they are 
conjugate in N(P). 
3. THEOREM OF HUPPERT [II]. Let G be a jinite group with a non-Abelian 
metacyclic SD-subgroup. If p > 2, then G has a nontrivial p-factor group. 
1 New address: Monash University, Melbourne, Australia. 
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4. THEOREM OF FEIT-THOMPSON [A. All finite groups of odd order are 
solvable. 
5. THEOREM OF ZASSENHAUS [I8]. Let G be Q finite group with Q fixed- 
point-free automorphism (Y of order 2. Then fl = x-l for all x in G and G is 
Abelian. 
6. A TRANSFER THEOREM [9]. Let G be a finite group with un Abelian 
S,-subgroup P. If P has a nontrivial intersection with the center of N(P), then G 
has a nontrivial p-factor group. 
2. THE CASE q = 2n, n > 3 
LEMMA 2.1. If G is a group satisf$ng the conditions of Theorem A, then 
q = f 3 (mod 8), Sa-subgroups of G 1 e ementury Abelian of order 8, all involu- 
tions are conjugate in G, a S,-subgroup S of G is self-centralizing, N(S)IS is the 
noncyclic group of order 21 and all four-subgroups of G are conjugate. 
Proof. Suppose at first that q = 2”, n > 3. If S denotes a &-subgroup 
of G containing the involution t, then SC C(t) and V = S n F is a Sa-sub- 
group of F. So we know that V is an elementary Abelian group of order q. 
Let R be a subgroup of order q - 1 in N(V) A F. Then N(S) n C(t) = SR 
and R acts regularly and transitively on V - {I}. Let X be a complement to 
S in N(S) which contains R. We can prove that X acts irreducibly on S 
(considered as a vector space of dimension n + 1). Namely, if V were an 
irreducible X-subspace of S, then by the well-known theorem of Maschke S 
would have an X-invariant complementary subspace U of dimension 1, and 
hence U = (t). But then we get X = R and N(S) = RS and G would have a 
subgroup of index 2 by the transfer theorem (1.6). Hence, S is X-irreducible 
and X3 R. Let y f 1 be an element of R and suppose z E N((y)) n X. 
Then since t is the only nontrivial fixed point of any element of (y) - (1) 
on S, we have that x fixes t and hence z E R. Hence X is a Frobenius group 
with complement R and kernel M # 1. Because obviously C(S) = S, the 
Frobenius group X is represented irreducibly and faithfully on S and so 
there is an absolutely irreducible and faithful representation of X of degree 
f < n + 1 over a field of characteristic 2 and hence over the complex number 
field. Since M is not in the kernel of this representation, we know that this 
representation is induced from a nonprincipal irreducible representation of M, 
and hence 2” - 1 <f < n + 1, which gives n < 2, a contradiction. 
The fact that a &-subgroup of F is Abelian gives q = f 3 (mod 8) and 
hence a &-subgroup S of G is elementary Abelian of order 8 and C(S) = S. 
The condition (b) of Theorem A, the transfer Theorem (1.6) and the fact 
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that GL(3,2) does not contain elements of order 21 show that all involutions 
are conjugate in G and N(S)/S is the noncyclic group of order 21. In S we 
have 7 four-subgroups which are conjugate in N(S). 
3. SIMPLICITY OF G FOR q > 3 
LEMMA 3.1. If G is a group satisfying the conditi~ of Theorem A, then 
G is a simple group. 
Proof. Suppose that O(G) # 1, where O(G) denotes the maximal normal 
odd order subgroup of G. We have C(t) n O(G) = 1 because C(t) does not 
have nontrivial normal subgroups of odd order. By Lemma 2.1 all involutions 
are conjugate in G and so a four-subgroup of G would act fixed-point-free 
on O(G), which is not possible. Hence we must have O(G) = 1. 
Suppose now that Gr is a proper normal subgroup of G and that 1 G/G, 1 
is odd. We have C(t) 2 Gr since C(t) has no proper normal subgroups of odd 
index. Suppose also that Gr has normal subgroups of index 2. Then GI has a 
characteristic subgroup C such that G,/C is a nontrivial 2-group. Since 
C Q G and all involutions are conjugate in G, the group C must have odd 
order. Consequently C = 1 and Gr is a normal &-subgroup of G, which 
contradicts the condition (c) of Theorem A. Hence Gr has no normal sub- 
groups of index 2 and so all involutions are conjugate in Gr . The Frattini 
argument shows G = C(t) a Gr , which is not possible. Hence G has no 
nontrivial odd order factor-groups. 
Suppose that G is not a simple group. Then G must have a normal sub- 
group L such that both 1 L 1 and 1 G/L I are even. But this contradicts the 
fact that a &-subgroup of G is elementary Abelian and all involutions are 
conjugate in G. The proof is complete. 
4. f+RUCTURR OF 2-SIGNALIZJMS 
Here we shall clarify the structure of 2-signalizers of G and their normali- 
zers, where G is a finite group satisfying the conditions of Theorem A. 
LBMMA 4.1. Ifqisapowerof3, thenqisanoddpowerof3. 
Proof. Clear, since &-subgroups of G are Abelian. 
LEMMA 4.2. Let S be a &-subgroup of G containing the involution t. Let T 
be a four-subgroup of S containing t. Denote by Q the maximal norma I odd order 
subgroup of C(T). Then C(T) = SQ and Q is a cyclic group of order 
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& (q + c) # 1, where l = f 1. Ewety 2-si@ali2e~ K of G is conjugate to a 
subgroup of Q. Moreover N(T) contains an element p of order 3 which centralizes 
an involution t, of S but actsfixed-point-free on T. We have N(T) = (p) C(T) 
and the inwolution t, acts fixed-point-free on Q. The group Q is normal in N(T). 
Proof. The first part of the lemma follows directly from the structure 
of C(t) and from the fact that q > 5. Let K be a 2-signalizer of G. We may 
suppose that K is normalized by S and K # 1. The group S cannot act 
fixed-point-free on K. Amongst all involutions in S we choose the involution 
t’ such that C(t’) n K has the maximal possible order. The group 
C(t’) r\ K # 1 is normalized by S, and from the structure of C(t’) it follows 
that S contains another involution T’ (f t’) which also centralizes C(t’) n K. 
It follows that 
C(T’) n K = C(t’) n K = C(t’+) n K. 
Considering the action of the four-group (t’, 7’) on K, we get by the theorem 
of Brauer-Wielandt (1.1) K = C(t’) n K, and hence K is centralized by 
the four-group (t’, 7’). From the last part of Lemma 2.1 it follows that a 
conjugate subgroup K’ of K is contained in C(T) and then K’ C Q. We know 
that the four-group S n F is normalized but not centralized by an element 
of order 3 of F. This gives N(T) # C(T) and hence N(T)/C( T) has order 3. 
The group Q is a characteristic subgroup of C(T) and hence Q Q N(T). The 
Frattini argument and the fact C(S) = S show that 
N(T) = C(T). (N(S) n N(T)) and N(S) n N(T) n C(T) = S. 
Hence, N(S) n N(T) contains an element p of order 3 which acts fixed- 
point-free on T and fixes an involution t, of S. The involution t, acts fixed- 
point-free on Q. 
LEMMA 4.3. Let R be any nontrivial subgroup of Q. Then N(R) = N(Q). 
Proof. Since Q 4 N(T) we have N(R) 3 N(T). All involutions of N(R) 
cannot be conjugate in N(R) because t acts trivially on R and t, acts fixed- 
point-free on R (Lemma 4.2). Hence N(S) n N(R) = N(S) n N(T) and so 
N(S) n N(R) has a central involution t, . The transfer theorem (1.6) shows 
that N(R) has a subgroup M of index 2. The intersection I’ = S n M is a 
&-subgroup of M. Since N(T) does not have a normal 2-complement, the 
group M cannot have a normal 2-complement and so all involutions of M 
form a single conjugate class. Obviously V n T # 1 and so V = T. The 
group R is not normal in C(t) and hence C(t) $ N(R). On the other hand 
C(t) n N(T) is a maximal subgroup of C(t) and so C(t) n M = TQ = T x Q 
is an Abelian group. Applying a theorem of Suzuki [14] we get either T 4 M 
or kl = L x A, where L N PSL(2,4) and A is an Abelian group of odd 
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order. In the first case T <I N(R) and hence N(R) = N(T) = N(Q). In the 
second case C(t) n M = T x A = T x Q and so A = Q. This gives also 
N(R) = N(Q). 
LEMMA 4.4. We base either (1) N(Q),= N(T) OT (2) N(Q) = L x D, where 
L Y PSL(2,4) and D r) Q is a dihedral group of order 4 (q + e). 
Proof. Continuing with the situation from the proof of Lemma 4.3, we 
have either N(Q) = N(T) or M = L x Q, where L N PSL(2,4). In the 
second case, L is a characteristic subgroup of M and so L Q N(Q). Suppose 
that C(L) n N(Q) = Q and consider the group (tl) L = L, . Since 
C(L) n L, = 1 it follows that L, is the automorphism group of L and so 
L, ‘v S, . But S, contains elements of order 4, whereas we know that our 
group G does not have such elements. Consequently 
X(Q) = L x (C(L) n N(Q)) and D = C(L) n N(Q) 
is a dihedral group of order t (q + c) b ecause the involution t, acts fixed- 
point-free on Q. 
LEMMA 4.5. The 2-signalizer Q has order prime to 3. 
Proof. Suppose that 1 Q ) is divisible by 3 and let Qs denote a Ss-sub- 
group of Q, Obviously W = Qs&) is a &-subgroup of N(Q). Suppose that 
Q3 has an order greater than 3. Then Qa contains a nontrivial characteristic 
subgroup C of IV. Since N(W) normalizes C, it follows by Lemma 4.3 that 
X(W) C N(Q). H ence IV is a &-subgroup of G. If W is non-Abelian, then 
by the theorem of Huppert (1.3) G h as a nontrivial 3-factor group which 
contradicts Lemma 3.1. Hence, W must be Abelian. Let Q3 be the subgroup 
of order 3 contained in Qa . Th e groups Qs and (CL) of order 3 being contained 
in the centralizers of involutions are conjugate in G. Hence by the theorem 
of Burnside (1.1) they are conjugate in N(W) (C N(Q)). This is however not 
possible because Qa is normal in X(Q). It follows that Qs has order 3, W is 
elementary Abelian of order 9 and Qa and (CL) are conjugate in G. Suppose that 
C(p) n Q 1 Qa . Then C(p) n Q contains a SD-subgroup Q, # 1 of Q, p # 3. 
Since (cl) = Qa2 for some x in G, we get that 
Q,C W(P)) = WQs,“) = WQJ= = WQP. 
Since p > 3, Q, centralizes p, so 
Q”z WQtJ = N(Q). 
Clearly, p # Q, so 8” n Q = 1, since Q is a T.I. set in G. Hence, N(Q)/Q 
has a subgroup isomorphic to Q. This is not the case. It follows 
ON A CLASS OF FINITE SIMPLE CROUPS OF FtEE 279 
that C(p) n Q = Qs (which gives Q = Qs in the case (2) of Lemma 4.4) and 
hence we have C(W) = W. 
Suppose now that W is not a &-subgroup of G and denote by U a S,- 
subgroup of N( W). Then U is a non-Abelian group of order 27 with center 2 
of order 3. We have obviously Z C W and Z # Q3 , (p). By Lemma 4.2, II’ 
is not a 2-signalizer of G and hence 8 does not divide 1 N(W) 1 . The order 
of N( W) is 27.2 or 27.4 because the involution 2, normalizes W. If U Q N(W), 
then Z q N(W). The involution t, centralizes (CL) and inverts every element 
of Q3 . Thus Q3 and (CL) are the only subgroups of W of order 3 which admit 
I, . This is impossible, since Z = Z(U) admits t, . If U is not normal in 
N(W), then all involutions of N(W) are conjugate in N(W) and a Ss-sub- 
group Y of N( W) is a four-group (containing tr). Every involution of I’ has the 
fixed group of order 3 on W and so by the theorem of Brauer-Wielandt (1.1) 
we get 1 W 1 = 3 or 27 which is not the case. 
The group W is a &-subgroup of G and N(W)/ W has order 2 or 4. By 
the theorem of Burnside (1.2) Qs and (p) are conjugate in N(W). From 
C(t,) n W = (p) follows, however, that (p) is normal in N(W). This 
contradiction proves the lemma. 
From now on we suppose that q is not a power of 3. The following lemma 
determines completely the structure of the normalizer of a 2-signalizer of G. 
LEMMA 4.6. The element TV acts fixed-point-free on Q and the case (2) of 
Lemma 4.4 cannot happen. We have q = - 3 (mod 8). 
Proof. Since 3 does not divide q + E, by Lemma 4.5, and q is not a power 
of 3, by our supposition, we have 3 i (q - l ). The group L = (p) is con- 
tained in the centralizer of the involution t, and suppose Q = C(p) PI Q # 1. 
Let L denote a cyclic group of order 4 (q - 6) such that L Z L C C(t,) and 
let t, be an involution of C(t,) acting fixed-point-free on L. By Lemma 4.2 
the four-group (tl , tz) = T, is a S,-subgroup of N(L). Since the involution 
t, acts trivially and t, fixed-point-free on L, we get that all involutions of 
N(L) cannot be conjugate in N(L), and hence N(L) has a normal 2-comple- 
mentM.WehaveL1~.For+(q-~)=3givesq=7orq=5whichis 
excluded by Lemma 2.1. Obviously C(t,) n M = L, C( Tl) n M = 1, 
and Q C M. Let r denote the set of primes dividing $ (q + c). The group M 
is soluble by the result of Feit-Thompson (1.4), and hence M has a S,- 
subgroup R which admits T, . Since R n L = 1, the involution t, acts 
fixed-point-free on R and hence R is Abelian. Let R, be a S,-subgroup of M 
containing Q. We get N(Q) n M 3_ R, x L. By the structure of N(Q) we get 
R, = Q. It follows that Q is a S,-subgroup of M. The fact R, = & is clear 
since N(L) n N(Q) n M = & x L. 
For every S,-subgroup Q8 of & we have N(Q,) n M = C(Bs) n M, and 
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hence M has a normal s-complement. It follows that Q has a normal comple- 
ment &Zr in &I and Mi IL. Here Mr is the intersection of all the s-comple- 
ments for all s in 77. 
Suppose that L is a S-subgroup of M. Then LT, is contained in a S-sub- 
group H of N(L) of order ) L 1 1 Tl 1 I& 1 and H r\ M is a Tr-invariant 
S-subgroup of order i & 1 (L / (of M) containing L. Obviously H n M 
contains a T,-invariant subgroup Q of order 1 Q 1 . The group M 
is k-closed and H n M is rr’-closed which means L Q QL. The group # is 
T,-invariant, and hence there is an involution T # t, of Tl such that 
K=C(7) nQ# 1. c onsider the group KL. The involution ~tr acts fixed- 
point-free on KL, and hence KL is Abelian. Naturally, Q is conjugate to & 
and so we have a contradiction to the structure of N(K) (because of L 1 I). 
It follows that L is not a S-subgroup of AZ, and so, using the theorem of 
Brauer-Wielandt (l.l), we may suppose 1 # L, = C(t,) n M has an order 
which is not prime to Q (q - E). Th e involution t, acts fixed-point-free on 
L, and so L, being Abelian has an order dividing 4 (q - c). We may suppose 
that Q is Tr-invariant and hence we have Q = C(t,t,) n M. Since t,t, acts 
fixed-point-free on Mr , we have that &li is Abelian and Ml = L x L, . 
If 3 ) I L, I , then Ml has a characteristic subgroup C which is elementary 
Abelian of order 9. Then Q acts trivially on C which contradicts the structure 
of :V(Q). Hence 3 7 1 L, I . 
If 9 I 1 L ( , then L contains a cyclic subgroup C, of order 9 which is a 
characteristic subgroup of Mr . Then also & acts trivially on C, which again 
contradicts the structure of N(Q). Hence z is a &-subgroup of G. 
Suppose now : L, 1 < 5 j L I . Then L contains a subgroup L, of prime 
order s # 3 which is a characteristic subgroup of M, . The involution t2 
acts fixed-point-free on OL, . The group oLg is Abelian and this again contra- 
dicts the structure of N(Q). Hence we get 
ILlI =iILI =$(4--E)#l. 
Let &la denote a &-subgroup of Ml . Then Mz is a characteristic subgroup 
of M and by the structure of N(Q) we have that Q acts fixed-point-free on 
M, . We have M, = n*, where n = 8 (q - l ), and so ifs is a prime dividing 
101 itfollowsthatsIn*-1. Wehavealso3n+e=&(q+e)and 
(c + 34 (e - 34 + 9(n2 - 1) = - 8. 
We see that an odd prime s dividing c + 3n = 4 (q + E) and ns - 1 must 
be a divisor of - 8 which is a contradiction. Hence, the element p must act 
fixed-point-free on Q which shows at the same time that the case (2) of 
Lemma 4.4 cannot happen. 
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If q = 3 (mod 8), then since ~1 acts fixed-point-free on the subgroup 
T x Q of order q + 1, we must have q = 0 (mod 3) which contradicts our 
assumption. Hence, q = - 3 (mod 8). 
5. A FORMULA FOR THE ORDER OF G 
Let G be a finite group satisfying the conditions of Theorem A. Suppose 
moreover that q is not a power of 3. Then by Lemma 4.6, q = - 3 (mod 8). 
The aim of this paragraph is to prove the following: 
LEMMA 5.1. The order of the group G is @(q - 1) * f, where f is the degree 
of an irreducible character of G. 
Proof. First of all from Schur [13] we see that the group PSL(2, q) has in 
the case q = 1 (mod 4) the following character table: 
1 1 P q+l q-1 !t(P + 1) $67 + 1) 
Pl 1 0 1 -1 ~u+2/;;) S(l-6) 
CL2 1 0 1 -1 JL(l-41 !I(1 +A) 
c”fl1 1 pi + p’ 0 (- 1)” (- 1)” 
7 1 1 2(- 1)’ 0 -1 -1 
db#l l-l 0 - (df + u-y 0 
Here ~1~ , pa are two nonconjugate elements of orderp (q = p”), c is an element 
of order $ (q - I), d is an element of order 4 (q f l), 7 is an involution, p is a 
primitive 4 (q - 1)th root of 1 and a is a primitive $ (q + 1)th root of 1. 
Let us denote by the same symbols the irreducible characters of 
C(t)/(t) N PSL(2, q) considered as irreducible characters of C(t). Let 6 
denote the nontrivial linear character of C(t)/F considered also as a character 
of C(t). 
By using the first main theorem on blocks of Brauer [2], it is possible to 
determine the 2-block structure of G. The group G has $ (q - 1) 2-blocks of 
defect 1 and each such block consists of two irreducible characters (Brauer 
[I]). Using the results of Section 4 and especially Lemma 4.6, we see that G 
has & (q - 5) 2-blocks of defect 2. In each such block we have at most four 
irreducible characters by a result of Brauer and Feit [5J. Finally G has only 
one 2-block of defect 3 (the principal block). 
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As the “special classes” of C(t) in the sense of Suzuki [Z5] we take the 
conjugate classes of C(t) which consist of all elements tx, where s is any 
element of odd order of F. The basis of the module (over the ring of integers) 
of the generalized characters of C(t) vanishing on nonspecial classes of C(t) 
is : 
Pi = Pi - [Pi (i = 1,2, ***, ) (4 - 1)) 
#j = q - 4ffj - ‘&+1-j + iyr,l-j (j = 1,2, ***, Q (q - 5); ?! = & (q - 5)) 
4 = x0 - 5 - B + @ 
The characters /Ii, fpi form a 2-block Bi of defect 1 of C(t), i = 1, **a, 
) (q - 1). The characters aj , faj , [at+r-j , ++r+ form a 2-block Cj of 
defect 2 of C(t), i = 1, ..*, & (q - 5). The irreducible characters of C(t) 
which appear in hi , i = 1, 2, 3, form the principal 2-block of C(t). 
By a result of Gorenstein-Walter [8], the irreducible characters of G 
appearing in pi* belong to the block BiC (i = 1, *a*, $ (q - I)), and the 
irreducible characters of G appearing in #j* belong to the block CjG of G 
(j = 1, “a, $ (p - 5)). Here B -+ BG is the block correspondence of 
Brauer [3] assigning to a 2-block B of C(t) a 2-block BG of G. By a result of 
Brauer [4] BG is the principal block of G if and only if B is the principal block 
of C(t). Another result of Brauer [3] gives that BiG has 2-defect > 1 and 
CjG has 2-defect > 2. Using again the result of Brauer [4], we get that 
CjG has 2-defect 2. On the other hand we know that G has precisely 3 (p - 1) 
irreducible characters belonging to 2-blocks of defect 1 and that all irreducible 
characters of positive 2-defect must appear in pi*, tij*, h,*, X,*, /\3*. Hence, 
BiG has 2-defect 1. 
It follows that vi* and IJ~* do not have irreducible characters in common. 
Also #j* and X,* do not have irreducible characters in common. 
The four irreducible characters appearing in $I~* form the 2-block CjG 
of defect 2. But we have precisely & (q - 5) 2-blocks of defect 2 of G, and 
hence we can find three generalized characters, say (6r, , #a, , z,Q such that 
the irreducible characters appearing in I,!$ , $3, yL$ belong to the same 2-block 
of defect 2 of G. Suppose that there is also another character & such that 
the irreducible characters appearing in #$ appear also in Q@ . Then we can 
find numbers l i (i = 1, 2, 3, 4), all f 1, such that 
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where x is an irreducible character of G. Since Q(1) = 0, 1 @ 1 > 16. On the 
other hand 
a contradiction. It follows that the irreducible characters appeairng in #$ , 
I,@ , $3 do not appear in any other induced character (of the basis elements 
of our module). We can write 
*: =%X1+ %x2 + c3x3 +%x4, 
*z =~lXl+%x2+%x3+hx4~ 
!A? =71x1 + 712x2 + 773x3 + 174x49 
where l i , ai , vi (1 < i < 4) are f 1 and x1 , ,y2 , x3 , x4 are distinct non- 
principal irreducible characters of G. From 
follows that we can suppose S, = cr , 6, = c2 , 6, = - l a , 8, = - Q . From 
follows that we can also suppose Q = or , r), = - e2 . Finally from 
follows that we may suppose v3 = - e3, q4 = l 4 . Hence, we get 
%G = 5x1 +%x2+%x3 + 64x4 
*z =%X1 +%x2 -5x3 - QPX4, 
The equations 
& =%X1 -%x2 - E3Xs + %x4. 
give 
Ig( 1) = I& 1) = I&( 1) = 0 
and 
Xl(l) =x2(1) =x3(1) =x4(1) =f 
- E2 = 63 = - c4 = El = E. 
The Frobenius reciprocity law and a result of Suzuki [25] give 
x1(9 = 347 + 11, x2(f) = xaw = X4W = - 44 + 1). 
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Applying now the lemma of Suzuki [Z5] to the characters #1s , I/$ and the 
subgroup C(t) = H, we get ) G ] = qa(q - 1) cf, and hence E = 1. Lemma 
5.1 is proved. 
6. THE CASE q # 3rn+l 
Let G be a finite group satisfying the conditions of Theorem A. Suppose 
also that q is not a power of 3. Here we shall derive a contradiction from the 
assumed existence of such a group G. 
LEMMA 6.1. Let R be a subgroup of order q = pn contained in C(t). Then 
N(R) has a normal 2-complement M of order $ (q - 1) 4” which is a Frobenius 
group. If Ml is a SD-subgroup of M, then Ml is an elementary Abelian group 
of order 4”. Also, N(M,) contains an element p of order 3 which is contained 
in the centralizer of an involution of G and C(,u) n Ml # 1. A &-subgroup 
of N(R) is a four-group T = <t, T) and / C(T) n M 1 = 2 (q - 1). 
Proof. The group N(R) n F has a subgroup C of order 1 (q - 1) and an 
involution 7 which acts trivially on C and fixed-point-free on R. By Lemma 
4.2, T = (t, T) is a S,-subgroup of N(R) and N(R) has a normal 2-comple- 
ment M. Obviously C(t) n M = C * R and C(T) n M = C. By Lemma 5.1, 
we have N(R) $ C(t) and hence MT) CR. We may suppose C(T) n M r) C. 
By the structure of C(7) (Dickson [6]), C(T) n M is a Frobenius group with 
kernel R, . The involution t acts fixed-point-free on R, and the Frobenius 
group R,(t) C has a complement of order 3 (q - 1). The group R, must 
contain at least 1 + * (q - 1) 1 e ements and so 1 R, 1 = q. For if 
I& I < (l/p) q, then (UP) q > 1 -I- $ (q - 1) or q B +p(q + 1) > q + 1, 
which is not the case. 
Suppose at first c(tT) n M = C. We have I M ( = + g(q - l), 
RR, Q N(R) and the involution tT acts fixed-point-free on RR,. Hence 
RR, is an elementary Abelian group of order q2. Obviously, N(R.R,) has T 
as a &-subgroup and i@ (1 M) as a normal 2-complement. Again by Lemma 
5.1, we have il?lr> M. Hence c(tT) M = CR, , where 1 R, 1 = q. Also, 
I? = RR,R, d N(RR,) and by the structure of N(C) (see Section 4), n is a 
Frobenius group of order ) @(q - 1). Obviously the centre Z(R) of fz is 
contained in RR, , since N(R) n 19 = RR,. Also Z(R) is a characteristic 
subgroup of fi and hence Z’(B) Q N(RR,). Since T does not act frxed-point- 
free on Z(k), we may suppose Z(g) n R = n # 1. We also have R 1 D 
and hence D is a proper CT-invariant subgroup of R. This is impossible. 
It follows that c(tT) n M 3 C and so C(tT) n M = R,C is a Frobenius 
group of order ) q(q - 1) and the kernel is R, . We also get 
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( M 1 = $ @(q - 1). By the structure of N(C) (see Section 4), it follows that 
M has a normal subgroup Ml = RR,R, of order 8, and M is a Frobenius 
group with kernel Ml and complement C. 
Suppose that M, is not Abelian. Then R, is not normal in Ml . Otherwise 
the groups RR, , RR, , and R,R, are T-invariant and inverted by some involu- 
tions and hence Abelian. Consider N(R,). Because R and R, are conjugate 
in G, N(R) and N(R,) have the same structure. Obviously N(R,) > RR,CT 
and N(R,) $ N(R). The involution t acts fixed-point-free on Ml/R 
and hence Ml/R is Abelian. It follows that RR, 4 N(R) and similarly 
RR, Q N(R,). Consider now N(RR,) I (N(R), N(R,)). Since t acts fixed- 
point-free on RR, but t has nontrivial fixed points on RR, , it follows that 
N(RR,) has a normal 2-complement M, . But M, 1 M and C(t) n MB = RC, 
C(T) n M, = R,C, C(t7) n M, = R,C, against the theorem of Brauer- 
Wielandt (1 .l). 
It follows that Ml is an elementary Abelian p-group of order qs. The case 
N(M,) = N(R) gives that Ml is an Abelian SD-subgroup of G. The subgroups 
R and R, are conjugate in G and hence N(R). This is not the case. 
It follows that N(M,) 1 N(R). But T is a &-subgroup of N(M,) and 
hence N(M,) does not have a normal 2-complement. For suppose that 
il?f (1 M) is a normal 2-complement of N(M,). Then from C(t) n A? = RC, 
C(T) n A? = R,C, and C(tT) n m = R,C, we get a contradiction to the 
Brauer-Wielandt theorem (1.1). Obviously C(T) n N(M,) = C x T, and 
hence N(T) n N(M,), contains an element p of order 3 which is contained 
in the centralizer of an involution of G. Because we are in the case q = - I 
(mod 3) (see Section 4), it follows that p cannot act fixed-point-free on Ml . 
The lemma is proved. 
LEMMA 6.2. Let R be a nontrivial subgroup of R. Then N(R) has order 
prime to 3. 
Proof. Obviously N(R) has T = (t, T) as a Ss-subgroup and M’ (1 MJ 
as a normal 2-complement. Since q divides 1 C(t) n M’ ) , 1 C(T) n M’ 1 , 
and 1 C(k) n M’ 1 (and q - 1 is prime to 3), we get by the theorem of 
Brauer-Wielandt (1.1) that 3 does not divide 1 N(R) I . 
LEMMA 6.3. The group G cannot exist. 
Proof. Consider N(<p)), where p is the element of order 3 from Lemma 
6.1. We may suppose that p E C(t). By Lemma 6.1, we have p 1 1 N( <p)) 1. 
On the other hand, 
W(P)) n C(t) = W, T>, 
where IL 1 = 4 (q + 1) and the involution 7 acts fixed-point-free on <CL). 
Since every 2-signalizer of G has order prime to 3, it follows that the four- 
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group (t, T) is a &-subgroup of N(p)). Consequently, N((p>) has a normal 
2-complement N and p 1 1 N 1 . By the Brauer-Wielandt theorem (1. l), it 
follows that N has a subgroup D of order p contained in the centralizer of an 
involution. This contradicts Lemma 6.2 and proves the lemma. 
7. COMPLETICN OF THE PROOFOF THEOREM A 
We are now able to show that certain normalizers are solvable by exploiting 
the fact that q is a power of 3. The solvability of these subgroups enables 
us to supply a proof of Theorem A. 
As before, R, C, Q are subgroups of C(t) of orders q, ) (q - l), $ (q + I), 
and p is an element of N(Q) of order 3. In addition, r is the set of primes 
dividing 4 (q - 1) and e is the set of primes dividing & (q + 1). 
LEMMA 7.1. (a) If x is un element of G of order 3 which commutes with 
an involution, then x is nomeal. 
(b) Case (I) of Lemma 4.4 holds. 
Proof. We may assume that x E R. We must show that C(x) = C*(X). Let 
T* be a Sa-subgroup of C*(x) which contains t. Then (T*, x) 2 C(t), so 
T* = (t), since C(t) A C*(X) = R(t). The proof of (a) is complete; 
(b) is an immediate consequence of (a). 
LEMMA 7.2. If H is a (2, 3}-subgroup of G and 4 1 1 H 1 , then His 2-closed 
and 9f I H I . 
Proof. Let H, = O,(H), and let T, be a &-subgroup of H. Since T, 
contains a four-group, Lemma 7.1 together with the Brauer-Wielandt 
theorem (1.1) imply that T,, centralizes H, . Since 3 f 1 Q 1 , it follows that 
H,, = 1. Since T, is Abelian, it follows that T,, Q H, and the lemma follows. 
LEMMA 7.3. Suppose Q(p) is not a Frobenius group. Let 0 = Q n C(p) 
and let t, be an involution of N(Q) n C(p). Then &tl) normalizzes a S,-sub- 
group P of G, C(Q) n P = (/A) and I P 1 < q2/3. 
Proof. (CL) is a 3-subgroup of G normalized by p(tl). Let K = C(p). 
Then K contains a conjugate of R, since p is conjugate to an element of R. 
Also, (tl) is a Ss-subgroup of K, so K is 2’-closed. Since C(x) n K = f&L) 
for all x in Q - {l}, it follows that &t,) has a normal complement in K. 
In particular, &tl) normalizes a &-subgroup K3 of K. 
Let P be a 3-subgroup of G which contains K3 and is maximal subject to 
being normalized by &(t,). Let N = N(P). Since C(X) n N = (p, 8) for 
ON A CLASS OF FINITE SIMPLE GROUPS OF RRE 287 
all x in Q - {l}, and since 4 7 1 N ) , it follows that &(ti) has a normal 
complement in N. Thus, P is a &-subgroup of G. Let 
be part of a chief series for P$?(tJ. Thus, there is a unique index i such that 
Pi = (P,+I, TV). If i fj and j < s, then 0 is without fixed points on 
pjlpj+l v SO that 1 Pj : Pi+1 1 = 32”j , where aj is the dimension of the fixed- 
point space of t, on Pi/Pj+l . Hence, 1 P 1 = 31~2k and 
1 C(t,) n P 1 = 3lfk d I C(Q 12 = q. 
Hence, 1 P 1 < q2/3, as required. 
LEMMA 7.4. If x E C - {I}, then C(X) is a 3’9mp. 
Proof. Let CO = C*(X). Thus, Cs has a normal 2-complement and C’s 
contains a four-group I’. Since V normalizes a &-subgroup PO of CO, 
Lemma 7.2 implies that V centralizes PO , so PO = 1, as required. 
LEMMA 7.5. If Y E 71, then PSL(2, Y) is not involved in G. 
Proof. Choose 8 = & 1 so that Y = 6 (mod 4). We will show that 
Y = 6 (mod 12). Namely, q = 1 (mod Y), so 3 is a quadratic residue (mod I), 
(f) = 1. By the quadratic reciprocity theorem (!J = (- 1)(r-1)‘2. If S = 1, 
then (E) = 1 so Y = 1 (mod 3). If 8 = - 1, then (I) = - 1, so Y = - 1 
(mod 3). 
Now suppose K/L N PSL(2, I) where K, L are subgroups of G. Clearly, 
) L I is odd. Let S/L be a cyclic subgroup of K/L of order (Y - Q/2, and let 
SO/L be the subgroup of order 3 in S/L. Let L,/L be a S,-subgroup of 
NgIL(S,,/L). Thus, L, = LT, for some four-subgroup TO of L, . Thus TO 
normalizes a &-subgroup P of S, , and TO does not centralize P. It follows 
that Lemma 7.1 is violated. 
LEMMA 7.6. PSL(2,4) is not involved in G. 
Proof. Suppose K/L N PSL(2,4), where K, L are subgroups of G. By 
Lemma 7.2, it follows that IL 1 is odd. Let TO be a S,-subgroup of K. By 
Lemma 7.1(b), C(T,) n K = TO . Hence, N(T,) n K = T,,P where 
1 P 1 = 3. By Lemma 7.2, 3 { IL I. Hence a generator for P is real and com- 
mutes with an involution, against Lemma 7.1(a). 
LEMMA 7.7. (a) If x is an element of G and x2 # I, then C(x) is solvable. 
(b) If H is a solvable subgroup of G and I H 1 > 2, then N(H) is solvable. 
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Proof. (a) is a consequence of Lemma 4.4(l). 
(b) By the Frattini argument, we may assume that H is an elementary 
abelian p-group for some prime p. Assume by way of contradiction that 
N = N(H) is nonsolvable. Then a ?&subgroup TO of N is a four-group. By 
Lemma 7.2, p > 3. By Lemma 4.4(l), p $0. Hence, p E m. Since S,-sub- 
groups of C(t) are cyclic, the Brauer-Wielandt theorem (1.1) implies that 
1 H 1 =pa with a < 3. Since N is nonsolvable, so is N/C(H), by (a). By the 
result of Gorenstein-Walter [??I, N/C(H) is an extension of a group of odd 
order by PSL(2, q’) for some q’. By Lemmas 7.5 and 7.6 we get q’ # 4, 5, p. 
Since 8 + 1 PSL(2, q’) 1 , we get q’ > 11. This is impossible, since PSL(2, q’) 
has a Frobenius group of order 4 (q’ - 1) q’. 
LEMMA 7.8. Suppose p E rr and the SD-subgroup C, of C is not a SD-s& 
group of G. Let T,, be a four-subgroup of C(t) which normalizes C. Then G 
contains a S,-subgroup P with the folhwittg properties: 
(a) TO normalizes P. 
(b) A S,*,-subgroup of N(P) is isomorphic to A, . 
(4 I p I = I cl2 13. 
(d) s2,(P) = Q@(P)) is of order p3. 
Proof. Let P be a p-subgroup of G which contains C,, and is maximal 
subject to being normalized by TO. Let N = N(P). By Lemma 7.7, N is 
solvable. By Lemma 4.4(l), T,, is a &subgroup of N. Since p > 3, a S,,,- 
subgroup of N is p-closed. Thus, P is a S,-subgroup of N, so P is a SD-sub- 
group of G. Thus, C, C P, and P is noncyclic. 
Let W = Q&Z(P)). First, suppose W is non cyclic. Then there are distinct 
involutions t’, t” of TO such that C(t’) n W # 1, C(t#) n W # 1. Hence, 
C(t’) n W and C(t”) n W are conjugate in G, so are conjugate in N(P) 
by (1.2). This implies that t’ and t” are conjugate in N(P). By Lemma 7.2, 
9 +’ ) N(P) I . Thus, (b) holds, while (c) follows from (b) and Brauer-Wielandt 
(1.1). 
Since TO is faithfully represented on Z(P), it follows that l2&Z(P)) is of 
order p3. It remains to show that Q,(P) = Q!?(P)). Let P,, = QJP), 
PI = PO’, Pz = [P,, , PJ. Thus, PO/PI is elementary of order ps, so it suf- 
ficek to show that PI = 1. Suppose false. Then PO/P2 is of exponent p and 
order p6, so PO n C(t) is noncyclic. This is impossible since C is cyclic. 
We may assume that Z(P) is cyclic. Since P is noncyclic and PT, is super- 
solvable, it is clear that PT, contains a normal subgroup E which is element- 
ary of order p2. Then E = E, x W, where E. is normalized by To . Thus, 
E, and Ware conjugate in G. 
Let PO = P n C(E,,) = P n C(E) so that ) P : P,, ) = p. Let 
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E* = Q,(Z(P,)) 1 E. Th us E* is of order pa with a < 3 and P/P, acts 
indecomposably on E*. Since E, is G-conjugate to W, P,, is contained in a 
SD-subgroup P* of G with E, C Q,(Z(P*)). 
Let P = (P, P*, T,) Z N(E*). Thus M = p/C(E*) is not p-closed since 
P and P* map into distinct &,-subgroups of F/C(E*). By Lemma 7.7(b), 
M is a solvable subgroup of GL(a, p). This is impossible, since p > 3 so that 
every p-solvable subgroup of GL(3, p) is p-closed by Theorem B of Hall- 
Higman [IO]. The proof is complete. 
LEMMA 7.9. If p in, then every p-solvable subgroup of G has p-length at 
most 1. 
Proof. The lemma is clear if C contains a SD-subgroup of G. If C does not 
contain a S,-subgroup of G, then by Lemma 7.8, G contains no elementary 
subgroup of order p4 and if H is any p-subgroup of G, then L&(H) is elemen- 
tary. The lemma follows. 
LEMMA 7.10. Ifp E = and H is a p-subgroup of G, then N(H)/C(H) does 
not contain a non-Abelian 3-closed {2,3}-subgroup. 
Proof. Suppose false. Among all subgroups of G which violate the lemma, 
let H be maximal. Let N = N(H), N, = O,(N), and let P be a SD-subgroup 
of N. By Lemma 7.9, we have N = N,JVdP). Hence, P = H by maximality 
of H, so P is a SD-subgroup of G. 
Since Aut (P) is non-Abelian, P is noncyclic. Hence, we may apply Lemma 
7.8 and conclude that a &,-subgroup of N(P) is isomorphic to A,, so does 
not contain a non-Abelian 3-closed {2,3}-subgroup. 
LEMMA 7.11. (a) C(t) normalizes a S,-subgroup P of G with Pa R. 
(b) S,-subgroups of G are of order q” for some integer m. 
Proof. Clearly, (b) is a consequence of (a) and Lemma 7.4, so we restrict 
attention to (a). 
Let H be a 3-subgroup of G which contains R and is maximal subject to 
being normalized by C(t). Let N = N(H), and let M be a &a,,-subgroup 
of N which contains C(t). Let P be a &-subgroup of M. 
Since 4 +’ 1 M 1 , <t) is a &-subgroup of M and t normalizes a Sa-sub- 
group of M which we may assume is P. Furthermore, M has a subgroup M, 
of index 2. Since RZ H, t inverts P/H. Maximality of H guarantees that 
H = 4(M). 
By Lemma 7.10, P centralizes O,(M). Hence, 
O,,(M) = WW x H = LW,). 
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If P 1 H, then Lemma 7.10 is violated, as consideration of O,,,,,,(M,) shows. 
Hence, P = H is a &-subgroup of G, as required. 
LEMMA 7.12. (a) Q(p) is a Frobenius group. 
(b) C(x) C C(t) for all x in Q - (1). 
Proof. By Lemma 4.4(l), (b) is a consequence of (a). 
Suppose (a) is false. Then Lemmas 7.3 and 7.11 imply that R is a Ss- 
subgroup of G. Thus iV(R)/C(R) and C(R) both contain involutions, by 
Lemma 7.3. This is impossible by Lemma 7.2. 
LEMMA 7.13. Suppose p E rr and SD-subgroups of G are mncyclic. Then 
M(P; 3) is trivial for each &,-subgroup P of G. 
Proof. Let H be a maximal element of M(P; 3). Lemma 7.7(b) implies 
that we may apply a result of [16]. It follows that N(H) covers N(P)/C(P), 
since m(Z(P)) = 3. In particular, N(H) contains a four-group. Hence H = 1 
by Lemma 7.2. 
LEMMA 7.14. Suppose p E r and E is an elementary subgroup of G of 
order p2. Then VI(E; 3) is trivial. 
Proof. Suppose H E M(E; 3), H # 1. Choose e in E - (1) so that 
C(e) A H = H,, # 1. Let L = C(e). Then L contains a SD-subgroup of G, 
by Lemma 7.8(d). Let L, be a S,,,- subgroup of L which contains (H, , E) 
and let L, be a S,-subgroup of L, . By Lemma 7.13, Os(Lo) = 1, so by Lemma 
7.9, L, is p-closed. Hence, 1 H, / = 3 by Lemma 7.2. Since E normalizes 
Ho 3 we get [E, H,,] = 1. This is impossible since sZ,(L,) is a 3-dimensional 
space on which a Ss,, -subgroup of iV(L,) is faithfully represented. 
LEMMA 7.15. C is a &-subgroup of G. 
Proof. Suppose false. Choosep in m so that a SD-subgroup C, of C is not 
a S,-subgroup of G. Let T,, be a four-subgroup of C(t) which normalizes C, 
let P be a SD-subgroup of G which contains C, and is normalized by T, 
and let S be a subgroup of N(P) of order 3 which normalizes T, . Let 
W = &(Z(P)), W, = C,(S). Thus W, is of order p and W, is not G-con- 
jugate to any subgroup of C. Furthermore N( W,)/C(W,,) is a 3’-group, 
since N( W,,)/C( W,) is covered by N(P), and Sa-subgroups of N(P) are of 
order 3. 
Let X = C(S) and let Y be a S&subgroup of X which contains SW,, . 
Then &-subgroups of Y are noncyclic since they contain conjugates of R. 
Let Y* be a maximal {3,p}-subgroup of G which contains Y. Suppose 
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S,-subgroups of Y* are noncyclic. By Lemma 7.14, O,( Y*) = 1. Since Y* 
has p-length 1, it follows that Y* is p-closed, so is in a conjugate of N(P). 
This is obviously impossible since 1 Y* 1s > 3 = 1 N(P) 1s . Hence, S,-sub- 
groups of Y* are cyclic. Since N(W,)/C(W,) is a 3’-group, it follows that 
Y* is 3-closed, so Y* contains a &-subgroup P* of G. Thus, W, normalizes 
a &-subgroup of G. But in this case, since W, is conjugate to no subgroup of 
C, Lemma 7.1 l(a) implies that a S,-subgroup of N(P*) is noncyclic, against 
Lemma 7.14. The proof is complete. 
LEMMA 7.16. If x E C - {l}, rhen C(x) C C(t). 
Proof. By Lemma 7.15, C is a SW-subgroup of G. By Lemma 4.4(l), 
C(x) is a o’-group, and by Lemma 7.4, C(x) is a 3’-group. Since C*(x) con- 
tains a four-group, and C*(x) is 2’-closed, C(x) is a (2, 3, CT, ?r}-group, so is a 
(2, m}-group. Since (t) is a Ss-subgroup of C(x) we get C(x) = C a (t) C C(t). 
Since every element of C(t) - (1) f d p o or er rime to 6 is in a conjugate of 
Q or a conjugate of C, Lemmas 7.12(b) and 7.16 complete the proof of 
Theorem A. 
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